Dynamic Pseudo-time Warping of Complex
Single-Cell Trajectories
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1

Introduction

Single-cell RNA sequencing enables the construction of trajectories [1] describing the dynamic changes in gene expression underlying biological processes such
as cell diﬀerentiation and development. The comparison of single-cell trajectories under two distinct conditions can illuminate the diﬀerences and similarities between the two and can thus be a powerful tool for analysis [2]. Recently
developed methods for the comparison of trajectories [2, 3] rely on the concept
of dynamic time warping (dtw), originally proposed for the comparison of two
time series and consequently restricted to simple, linear trajectories. Here, we
adopt and theoretically link arboreal matchings to dtw and implement a suite
of exact and heuristic algorithms suitable for the comparison of complex trajectories of diﬀerent characteristics in our tool Trajan (Fig. 1). Trajan’s alignment
enables the meaningful comparison of gene expression dynamics along a common
pseudo-time scale. Trajan is available at https://github.com/canzarlab/Trajan.

2

Methods

Dynamic time warping (dtw) is the algorithmic workhorse underlying current
methods that compare linear single-cell trajectories. We develop Trajan, the
ﬁrst method to compare and align complex trajectories (trees) with multiple
branch points. Trajan aligns each path in one tree to at most one path in the
second tree and vice versa and, similar to dtw, preserves the order of nodes along
the paths. In [4] we have introduced arboreal matchings that formalize such a
consistent path-by-path alignment of trees.
We devise scoring schemes for arboreal matchings that yield (guaranteed)
similar distance measures between linear trajectories as dtw, but naturally
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Fig. 1. Complex trajectories, reconstructed from single-cell RNA measurements using,
e.g., Monocle 2, are aligned by Trajan based on arboreal matchings. The matching
warps individual pseudo-time scales into a shared one along which expression kinetics
can be compared.

extend to complex trajectories. Trajan implements a thoroughly engineered
branch-and-cut algorithm that allows to practically compare complex singlecell trajectories. It repeatedly determines cutting planes that strengthen the
LP relaxation in [4] in polynomial-time and uses an in-house developed, noncommercial, non-linear solver for all continuous optimization problems. For
trajectories with a small number of cell fates k we employ a ﬁxed-parameter
tractable algorithm, parameterized by k, that applies a dynamic program similar to [5] to align them optimally.

3

Results

Adopting a strategy similar to [2], we re-analyzed two public single-cell datasets:
human skeletal muscle myoblast (HSMM) diﬀerentiation and human ﬁbroblasts
undergoing MYOD-mediated myogenic reprogramming (hFib-MyoD). Trajan is
able to align the core paths of each complex trajectory, without any previous
knowledge of myoblast diﬀerentiation markers. From Trajan’s alignment, we construct gene expression kinetics for a set of genes that were assessed in [2] and are
able to reproduce their key ﬁndings, including the molecular barriers identiﬁed
in [2] that hinder the eﬃcient reprogramming of ﬁbroblasts to myotubes.
In a perturbation experiment we demonstrate the beneﬁts in terms of robustness and accuracy of our model which compares entire trajectories at once, as
opposed to a pairwise application of dtw.
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